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Abstract

We analyzedatafrom recentexperimentsconductedoy Yekta Girselin which a corner
cubewasmoved approximately23 micronsandthe readoutdrom four gaugeson a reference
plate were recorded. The measurementwere donein still air in July, 1997. We solve for
the bestfit of the threecoordinatesof motion of the cornercube, using datafrom all four
gauges. The overall accurag of the measuremens approximately+25nm, attributableto
suneying errorsof approximatelyt=3 mm. The noiseinherentin the gaugescorrespondso
approximatel\600pm rmsaccurag of the estimateof motion.

Part |
Setupand Data

1 Experimental Setup

The objective of the 3-D metrologyexperimentis to determinethe motion of a testpointto high
precisionby measuringhechangean pathlengthsof laserbeamsonnectingt to severalreference
points. Thetestpointandreferencepoint positionsaredefinedby cornercubereflectors.

Thedataanalyzedherewerecollectedn still airin July, 1997 ,overadurationof approximately
500 seconds.The experimentwasbuilt andrun by YektaGursel; the calculationsn Part Il are
after[HCWP93, andthecalculationsn Partlll areafter[Gur97].

As shawn in Figurel, thereareN staticreferencepoints,roughlyin aplane. Threereference
pointsareadequateo performthe measurementhe apparatusasfive to allow for consisteng
checks,but only four datasetsare currently available. One of the laserbeamsbetweenthe test
point startingpositionanda referenceoint is shavn asa vectorL;; N suchvectorsmale up the
surwey matrix. As thetestpoint moveshy 3, the lengthof eachbeampathl; is readby a separate
“heterodynemetrologygauge. Figure2 shavsthecoordinatesystemandlabelingof cornercubes.

Theanalysigpresentedhereanswerswo questionsWhatis theinherentaccurag of thegauge
data?Whatis theminimumcorrectionto thesurwey necessarfor consisteng with thegaugedata?

In Part Il we describethe geometryin termsof vectorsandusecorventionaldata-fittingand
errorestimationalgorithms. In Part lll the geometryis describedn termsof tetrahedrdormed
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Figurel: Measuremengeometry A suney vectorL; from theinitial positionof the testpointto
oneof thereferencegointsis shavn. Thevectordisplacementfinal - initial) of thetestpointis 3;
for the dataanalyzedhere,|L| =~ 80cm, |3| ~ 20 microns. The anglebetweend andL; is shavn
exaggeratedthe actualdirectionof motion of the testpoint is toward the centerof the reference
plate,within afew degrees.
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Figure2: Coordinatesndlabelingof cornercubes.



Raw gauge data with linear part removed

24 Oct 97; file non_lin_gauge.eps
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Figure3: Datafrom four gaugeheadsaftercyclic averagingandsubtractiorof linearpart.

by combinationsof gaugesanda customizedteratve numericaltechniqueis usedfor the error
analysis.Thetwo methodgyive consistentesults.

2 Cyclic-averageddata

The gaugeoutputsarerecordedasthe testpoint movesin steps.Thesedataare pre-processelly

“cyclic averaging.! Figure3 shows theraw gaugedataafter subtractiorof the straightline part.

The datasegment, of approximately500 secondsiuration,wasselectedo be relatively free of

the effectsof slammingdoorsandsimilar disturbancesThe obseredfluctuationsareattributable

to acombinationof noisein thegaugesandactual“noise” in thetestpointdisplacement.
Thereis anexpectedgeometriceffect giving a departurédrom linearity of magnitude

[o2siry

Q= =
2L

(1)

wherey is theanglebetweertheline of motionof thetestpointandL;. This givesQ = 40pm for
the gaugewith the largesty (approximatelyl5deg), small comparedo the obsened deviations
from linearmotion.

lUsingMatlab codewritten by StuartShaklan.
Datafile /nome/shaklan/microarc/3d/3dmepe868378642.dat.
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Part Il
Vector Method

In this Part, we usethedatafrom the gaugeheadsandinformationfrom the staticsurvey to directly
computethemotionof thetestpoint. Thegeometryis describedy vectorswith coordinatesised
only in thefinal stagef thenumericalcomputation.

3 Analysisformulae

Theresponsef the measuremergaugedo motionof thetestpointis
li = |Ci+38 - |Cil. 2)
Herethe|...| symbolrepresentshe vectornorm operation. We initially assumehatthe L
areknown from surweying andthatthel; arereadfrom the metrologygaugeswithout error The
commonorigin for all vectorsis the startingposition of the test point. When coordinatesare

introduceda right-handedcoordinatesystemis usedwith the referenceplate in the negative z
directionrelative to the origin, andwith motiontowardsthe plategiving positive ;.

3.1 Solvingfor testpoint motion

Equation2 is non-lineaybut asindicatedin Section2, thelinearapproximatioris adequatéor the
datain hand® Keepingonly thelinear(gaugeslope)terms,Equation2 simplifiesto:

i=C;-8 (3)

whereL ; is the unit vectorfrom the testpoint to referencepointi (L; = L; /|;|) andthe - symbol
indicatesthe vectordot product. (Note that the scaleof the sureying dropsout; only the angles
influencethegauges.)
Definethe surey matrix: .
S 4
ILi] @
Herethei subscripidentifieswhich referencepointis measuredandthe j subscripidentifies
which (x,y,z) coordinate.
Then .

T=L-d (5)
wherel is the vectorformedfrom the N fitted gaugeslopesandthe - symbolrepresents matrix-
vectorproduct.

Designatethe solution of Equation5 that usesall N gaugesas 5. The equationis over-

determinedandrepresents data-fittingproblemthat canbe solved by the Matlab least-squares
matrix solve operatoy“\”.

3If thermserrorsarereducedo alevel comparablén magnitudeto Q of Equationd, thelinearfit thatdetermines
the slopeof the gaugeoutputswith testpoint motion canbe modifiedto accountfor the knowvn quadraticdeparture.
This modificationwill improve the precisionof thenumericalmethodto the sub-picometelevel.
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3.2 Estimation of error in dand L

Theaccurag of the solutionis estimatedn two ways: by evaluatingthe error
E=[1—L-&l, (6)

andby comparingsolutionsof Equation5 found by usingthefull dataset(&) andvariouspartial
datasetsformedby takingthe elementf I threeat atime, eachcorrespondingo thetetrahedron
composedf threereferencepoints andthe test point (53). The resultingerror estimateis € =
54 — 53. E and|€| shouldprovide similar estimate®f theaccurag of thefit solution&.

We expectto find thatE is dominatedy inaccuracieg thesurney matrixL: surweying angular
errorsof magnituded causeerrorsof magnitudeE ~ 6|3|. The uncertaintyin the cornercube
positionsis on the orderof 3mm; on the 80cm baselinethis correspondso 6 ~ 3- 102 rad, or
E ~60nm. .

As acheckthatnon-zercE comesprimarily from surweying errors,we fix &, andl andperturb
the surney matrix L to minimize E definedby Equation6. This minimizationis readily accom-
plishedby the Matlab function fmins. Designatethe perturbedmatrix Le—p; we expectto find
thatdL = L — Lg_g haselementontheorderof 1 mm. Therearetwelve elementgeightof them
independent—théwnvo sureying anglesper referencepoint) in L thatarevariedto minimize the
scalarquantity E; thereforethe adjustedsolutionis almostcertainlynot unique,andis therefore
unphysical.

3.3 Simulation of the effect of gaugeerrors

From Figure 3, the rms noisein the gaugedatais approximatelyl nm. This noiseis the sumof
noisy motion of the testpoint, andnoiseaddedby imperfectionan the measurementTo derive
anupperlimit to the measurememoise ,we assumehatthetestpoint motionis perfectlysmooth
andnoise-freeandthatall obserednoiseis dueto errorsin the measurementWe simulatethis
measurementoiseby solving for 3, mary times, taking the gaugedataperturbedby a random
amounteachtime. The perturbationsreof magnituded.5nm* RANDN, whereRANDN is the
Matlab function that producesandomlydistributed randomnumberswith mean0 andvariance
1.0—thisis equivalentto adding1nm rms noiseto the gauges. The resultingupperlimits to
rms noisein the determinatiorof & are 1.0, 0.95, and 0.27 nm for the x, y, and z components,
respectrely.

3.4 Simulation of the effectsurveyerrors

Figure4 illustratesthe effect on E of perturbingall the coordinatef the testpointsin random
directionsby varyingamountsandFigure5 histogramgheresultsof a similarrun. Thisrandom-
ized huntfound solutionsstartingat coordinatedisplacementaround0.7mm. Therangefor the
mostprobablesolutionsis 1-3mm. The solutionsat arbitrarily large displacementsorrespondo
perturbingthe positionsof the cornercubesn a manneithatpreseresthe surweying angles.



ERROR IN ESTIMATE OF & WHEN SURVEY IS PERTURBED
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Figure4: lllustrationof how randomdeviationsfrom the default surweying dataaffect E, (Equa-
tion 6), the accurag of the estimateof |5|. Eachof the elementsof L was perturbeda random
amountwith standardieviation varyingfrom 0 to 20mmin 0.1mm steps.

MONTE CARLO SIMULATION OF SURVEYING ERRORS
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Figure5: Histogrambasedon Monte Carlo simulationwith perturbatiorstepsof 0.1nm. Values
below the“solutionthreshold”of 1 nmarecounted.ThegapbetweerD.0and0.7mm corresponds
to theabsencef solutionsfor thisregionin Figure4.



First Cut at CC6 Motion

27 Oct 97; file delta_out.ps
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Figure6: CC6motioncomputedusingall four gaugeheads.

4 Numerical results

4.1 Calculation with measured survey

Figure6 shavs the computedmotion,andFigure7 shows the nonlinearpartof thatmotion, both
usingall four gaugesand the measureti survey matrix L Note that the z-motionfollows a line
morecloselythanx ory; thisis dueto feedbacko CornerCube6 position,basedn Gaugeb, that
ensuredinearity asthe cornercubewassteppedhroughits range. The deviationsfrom linearity
in thex andy directionsevidentin Figure7 maybedueto thegeometryof theflexuremountused
for thecornercube.

Theresiduals€E areshavn in Figure8. As expectedbecaus®f inaccuraciesn the surwey, the
E arepredominatelyinearin stepnumber

4.2 Calculation with artificial survey

Figure9 shavs theresidualgn the gaugedataafterthe survey numbersareadjustedo minimize
E; theadjustmentsreontheorderof 1-3mm. Thermsfluctuationin E is approximately250pm
in eachgauge.Figure 10 shaws the differenceg betweer&, andthe 53 calculatedrom TH1,; the
magnitudeof the largestcomponents approximately500pm, consistentvith the gaugenoiseof
Figure9.

4Theseresultsareunchangedby the surwey adjustmentlescribeelaw.



Deviation of CC6 motion from straight line

All 4 gauges used; 27 Oct 97; resid2.eps
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Figure7: Dataof Figure6 with straight-linepartremovedandverticalscalemagnified.

Gauge data residuals after solving for CC6 motion

Measured survey, Gauges 1 —— 4; 29 Oct 97; resid_gauge.eps
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Figure8: Residualsn gaugedata,E, usingoriginal suney.



Gauge data residuals after survey correction
27 Oct 97; Gauges 1--4; resid2_gauge.eps
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Figure9: Residualsn gaugedata,E, aftersurwey adjustment.

CC6 Motion: (4 Gauge solution — TH1 solution)

28 Oct 97; After survey correction; diffl.eps
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Figure10: Differencebetweertwo solutionsfor motionof CC6: solutionusingall 4 gaugesand
solutionusingthethreegaugeq1,2,3)composingrH1 (Figurel), with surney correctionapplied.



4.3

1.

Summary of testpoint motion calculations

In addition to the approximately23micron displacemenperpendiculartto the reference
plane therewasapproximately3 microndisplacemenin the plane(Figure6).

. For thetotal 23micron motionthe E of four gaugesangesover +6nm (Figure 8), andthe

variation€ rangesby +7nmin the z-direction,+-25nm in the x- andy-directions. These
errorsarealmostcertainlydueto errorsin the suney.

. The averageof all four singIe-tetrahedromeasurement§3 agreeqto betterthan 10pm)

with thefour—gaugedeterminatio@;.

Noneof the 53 solutionsstandsout as beingsignificantly differentfrom the others;in this
sensenoneof thegaugesanbe singledoutasanomalous.

. The linear part of the variations€ and residualsE can eliminatedby adjustmentgo the

suney. Therequiredadjustmentsor the 12 degreesof freedomof L rangebetweer0.2and
3mm.

. The least-squaredeterminatiorof 54 is the samewhetheror notthe AL correctionis ap-

plied. As expected,the mathematicaburwey correctiondoesnot improve the accurag of
the determinatiorof the testpoint motion; this canbe accomplisheanly by moreaccurate

suneying.

10



TH (Outer) | CornerCubes| TH (Inner) | CornerCubes
1 1-2-3-6 5 1-3-5-6
2 1-2-4-6 6 2-3-5-6
3 1-3-4-6 7 2-4-5-6
4 2-3-4-6 8 1-4-5-6

Tablel: Cornercubeassignmentto thedifferenttetrahedrd TH) usedin theanalysisof Partll.

Part Il
Triangulation/T etrahedron Method

In this Partwe performanalternatve but equvalentanalysisjn whichthe gaugedataaregrouped
in tripletsto form tetrahedrawvith thetestpoint, CornerCube6 (CC6). Table1 shavsthetetrahe-
drondesignationgseeFigure2). The coordinatesystemandnotationis the sameasin Partsl and
I, excepttheorigin of coordinatess takenasCC1,sothatmotionof CC6towardstheplateresults
in negative d,.

Theanalysidocusentheapparentifferencesn the positionof CC6 computedusingdiffer-
enttetrahedra.For eachstepin the motion of CC6, the geometrymeasuredy the initial surey
andthetetrahedroredgelengthsmeasuredby the gaugesdeterminghethreecoordinatef CC6
by a triangulationcomputation. The motion of CC6is very closeto linearin stepnumbey and
thereforethe slopeof this motionfor tetrahedron, m, canbe computedwith high precision. If
thereareno errorsin the suney or in the gaugeoutputs the slopedifferencesS= m — m; would
all vanish. We seesignificantslopedifferenceqTable 2). This canbe explainedby errorsin the
initial positionsusedfor thetriangulation.This analysisof the experimentaldatatried to establish
if thereis indeeda setof initial CC positionsthat:

1. Are consistentvith the surwey uncertaintyof about+=1 mm (A. Carlson,S.Shaklan).

2. Eliminate the slopesbetweenthe different solutionswhen determiningCC6 x,y,z coordi-
nates.

At firsttheinitial surwey of theCC’sis usedo triangulateCC6positionalongits pathof motion
usingthe heterodynegaugedata(seeFigure11). This resultsin knowledgeof its x,y,z motionto
someaccuray. At the sametime one candeterminethe slopedifferencesS. All of thatis now
usedto:

1. Calculatea‘z:—sC for ary positionshift ACC of eachCC in x,y,z usingthe knowledgeof CC6
X,y,Z motioncomponents.

2. Calculatechangeso CC positionsnecessaryo minimizeslopeshy solvingthematrixequa-
tion
0S
Frered ACC=S

for ACC.
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SlopeDifferenceS (nm/micron)
TH Pair X y z
1-2 | -2.018393 2.117414 -0.069839
1-3 | -0.023386 2.127033 -0.609754
1-4 | -2.194484 0.106363 -0.586079
2-3 1.995007 0.009619 -0.539915
2-4 | -0.176091 -2.011051 -0.516240
3-4 | -2.171098 -2.020670 0.023675
5-6 | -0.425481 -0.398034 0.005221
5-7 | -2.027428 1.542750 0.010261
5-8 |-1.858390 1.699283 0.008191
6-7 | -1.601947 1.940784 0.005041
6-8 | -1.432908 2.097317 0.002971
7-8 0.169038 0.156533 -0.002070

Table2: Slopedifferencesof CC6motion (in unitsof nanometer/micron).

After applyingthesechangeghe programstartsagain usingthe new CC positionsto geta more
accurateestimateof the CC6x,y,z motionrepeatingstepsl and2. Table3 shaws theresultsafter
fiveiterations.

Figures12 and 13 shaw the differencein CC6 positionbetweenTH3 and TH4 in x,y andz
initially andafterfiveiterations.lt is apparenthatinitially thedifferencencreasedinearly (slope)
with theCC6motion. In thisparticularexampletheprogramtriedto minimizetheslopedifferences
SbetweenTH6 andTH8 (inner TH). The offsetof the datain Figure13is introducedby alinear
fit to aslightly quadratidunctionandhasno impacton this analysis.
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CC6
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cocofdihya{tes | pusing < | Gaugedata
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Figurell: Flow diagramfor numericalsolutionby thetriangulation/tetrahedromethod.
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Figurel2: x,y,zcomponent®f Sfor TH 3 and4 before modifying the surveyed CC positions.
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5 (micron)

TH X y z
1 0.341592708 -2.753849168 -22.662238719
2 0.341593889 -2.753850406 -22.662238665
3 0.341592721 -2.753850413 -22.662238382
4 0.341593995 -2.753849226 -22.662238403
5 0.341592574 -2.753835784 -22.66224272(
6 0.341579003 -2.753848556 -22.662242638
7 0.341592575 -2.753865006 -22.662242815
8 0.341608485 -2.753850317 -22.662242913
SlopedifferenceS (nm/micron)
TH Pair X y z
1-2 -0.000009 0.000009 -0.000001
1-3 -0.000000 0.000009 -0.000002
1-4 -0.000010 0.000000 -0.000001
2-3 0.000009 0.000000 -0.000001
2-4 -0.000001 -0.000009 -0.000000
3-4 -0.000009 -0.000009 0.000001
5-6 -0.000598 -0.000561 0.000011
5-7 -0.000060 -0.001211 0.000015
5-8 0.000629 -0.000575 0.000003
6—7 0.000538 -0.000650 0.000004
6-8 0.001226 -0.000014 -0.000008
7-8 0.000689 0.000636 -0.000013
Changérom suney ACC (mm)
CcC X y z
1 0.275262 -0.046137 -0.125329
2 -0.251751 -0.282098 -0.221106
3 0.884681 -0.475751 0.241571
4 -0.333483 0.764368 0.289743
5 0.096004 -0.388666 0.009030
6 0.012366 -0.402536 -0.119713
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Table3: Resultsof programtrying to minimizethe slopebetweenTH6 andTHS.




